Real space quadrics and μ-bases  by Hoffman, J. William & Wang, Haohao
Journal of the Egyptian Mathematical Society (2013) 21, 169–174Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsORIGINAL ARTICLEReal space quadrics and l-basesJ. William Hoﬀman a,1, Haohao Wang b,*a Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803, United States
b Department of Mathematics, Southeast Missouri State University, Cape Girardeau, MO 63701, United StatesReceived 10 January 2013; revised 25 March 2013; accepted 14 April 2013









Implicit equationsCorresponding author. Tel.:
mail addresses: hoffman@m
mo.edu (H. Wang).
This author was supported
er review under responsibilit
Production an







s.2013.0Abstract In Euclidean 3-space, a quadric surface is the zero set of a quadratic equation in three
variables. Its projective closure can be given as the closure of the image of a rational parametriza-
tion P : R2 ! R4 where P maps the parameters ðs; tÞ 2 R2 to the tuple ða; b; c; dÞ 2 R4 and a, b, c, d
are linearly independent quadratic polynomials, with gcd(a, b, c, d) = 1. This paper provides an
algorithm to classify the type of quadric surface, and identify the normal forms solely based on
the parametrization of the quadric surface.
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Every rational quadric in R3 can be represented by a rational








; ðs; tÞ 2 R2
or as the image of the generic 1-to-1 projective parametrization
Pðs; tÞ ¼ ðaðs; tÞ; bðs; tÞ; cðs; tÞ; dðs; tÞÞ; ð1Þ512130.




ing by Elsevier B.V. on behalf of E
4.004where a, b, c, d are linearly independent quadric polynomials in
the polynomial ring R½s; t in two variables s, t with real coef-
ﬁcients, and gcd(a, b, c, d) = 1. Throughout this paper, we
consider the rational quadratic surfaces S given as the image
of (1).
Given a parametric quadratic surface, the implicit represen-
tation of the surface can be obtained via elimination, i.e., elim-
inate the parameters s, t. In R3, the implicit equation of a
quadratic surface is the zero locus of a quadratic polynomial
in three variables with real coefﬁcients. By a suitable change
of coordinates, any quadric can be transformed into a certain
normal form by choosing the principal axes of the quadric as
the coordinate axes. In three-dimensional Euclidean space
there are 17 such normal forms [1], and we list these 17 qua-
dratic surfaces and their normal forms in Table 1. Among
these 17 forms, six are non-degenerate (ellipsoid, cone, cylin-
der, paraboloid, hyperboloid of one sheet or two sheets), and
the remaining are degenerate forms. Of the non-degenerate
quadratic surfaces, the elliptic cylinder, parabolic cylinder,gyptian Mathematical Society. Open access under CC BY-NC-ND license.
Table 1 Normal Forms of Non-degenerated and Degenerated Quadratic Surfaces.












































¼ 1 Parabolic Cylinder x2 + 2r z= 0






















Degenerated type Normal forms Degenerated types Normal forms









Real Parallel Planes x2 = a2 Imaginary Parallel Planes x2 = a2
Coincident Planes x2 = 0
170 J.W. Hoffman, H. Wanghyperbolic cylinder, elliptic cone are ruled surfaces, while the
one-sheeted hyperboloid and hyperbolic paraboloid are dou-
bly ruled surfaces.
To our knowledge, little research has been done on how to
classify the type of a quadratic surface without implicit equa-
tions. The goal of this paper is to provide an algorithm to clas-
sify the type of a quadratic surface, and identify the normal
form of a quadratic surface based solely on the parametriza-
tion of the quadric surface. Our main tool is going to be the
l-bases, and our approach is to construct the matrix form of
a quadratic surface via the l-basis of a rational quadratic
surface.
This paper is structured in the following manner: in Section
2 we introduce the concept of a l-basis for rational quadrati-
cally parametrized surfaces; in Section 3 we state our main re-
sults for classifying the type of quadric surfaces; in Section 4
we provide an algorithm and an illustrative example for iden-
tifying the normal form of a parametrized quadratic surface
based solely on the parametrization of the quadratic surface.2. l-bases
In this section, we ﬁrst introduce the concepts of moving
planes, and the l-basis for the moving planes that follow a ra-
tional parametrized surface. Then, we state a few known re-
sults concerning the l-basis for a rational parametrized
quadratic surface.
A moving plane is a family of planes with parameter pair (s,
t),
Lðs; tÞ :¼ Lðx; y; z; s; tÞ :
¼ Aðs; tÞxþ Bðs; tÞyþ Cðs; tÞzþDðs; tÞ ¼ 0
or in vector form:
Lðs; tÞ :¼ ðAðs; tÞ;Bðs; tÞ;Cðs; tÞ;Dðs; tÞÞ 2 R½s; t4:
A moving plane L(s, t) is said to follow the rational surface P(s,
t) given as in (1) if
Lðs; tÞ  Pðs; tÞ ¼ aðs; tÞAðs; tÞ þ bðs; tÞBðs; tÞ
þ cðs; tÞCðs; tÞ þ dðs; tÞDðs; tÞ  0:
In the language of commutative algebra, the set of the mov-
ing planes following the rational surface P(s, t) is exactly the
syzygy module Syz(a, b, c, d). It is proved by [2] that syzygy
module Syz(a, b, c, d) is a free module of rank 3.Deﬁnition 2.1. Let p= (p1, p2, p3, p4), q= (q1, q2, q3, q4), and
r= (r1, r2, r3, r4) in L[s, t] be three moving planes of P(s, t)
such that
½p; q; r ¼ jPðs; tÞ ð2Þ
for some nonzero constant j, where


































Then the set {p, q, r} is called a l-basis of the rational surface
P(s, t). Moreover, the triples p, q, r satisfying Eq. (2) with the
smallest total degree tdeg(p) + tdeg(q) + tdeg(r) form a mini-
mal l-basis.
The existence of l-bases is proved in [2], and a computa-
tional algorithm is developed in [3] to obtain a l-basis. How-
ever, it is an unsolved problem to compute a minimal l-basis
for a general rational surface.
Below, we will provide a theorem and an example given in
[2] to illustrate these results concerning the l-bases.
Theorem 2.2. Suppose P(s, t) is a rational parametric quadratic
surface given in (1). Then P(s, t) has a minimal l-basis with the
following form:
p ¼ ðp1; p2; p3; p4Þ ¼ pu þ pss;
q ¼ ðq1; q2; q3; q4Þ ¼ qu þ qtt;
r ¼ ðr1; r2; r3; r4Þ ¼ ru þ rssþ rtt;
ð4Þ




pu ¼ pu  ðx; y; z; 1Þ; ps ¼ ps  ðx; y; z; 1Þ ¼ qt  ðx; y; z; 1Þ;
qu ¼ qu  ðx; y; z; 1Þ;
ru ¼ ru  ðx; y; z; 1Þ; rs ¼ rs  ðx; y; z; 1Þ; rt ¼ rt  ðx; y; z; 1Þ;
then the implicit equation of the quadric surface is given by
fðx; y; zÞ :¼ purs þ qurt  psru ¼ 0:
Real space quadrics and l-bases 171Here, we will include an example from [2] to illustrate the
concept of a l-basis for a quadratically parametrized surface.
Example 2.3. Suppose the parametrization of the quadratic
surface is given as
Pðs; tÞ ¼ ð3 2tþ 3s st; 1þ 2t s; 3 3tþ 2sþ 2st;3
 tþ 3s 3stÞ:
A minimal l-basis is given by the columns of the following
matrix
17þ 13s 15þ 13t 5 3s
27 2s 30 2t 3 6s
7 7s 7t 0






pu ¼ 17xþ 27yþ 7z 1; ps ¼ qt ¼ 13x 2y 7z 9;
qu ¼ 15xþ 30y 5;
ru ¼ 5xþ 3y 4; rs ¼ 3x 6yþ 1;
the implicit equation of the quadric surface is
fðx; y; zÞ ¼ purs þ qurt  psru
¼ 116x2 þ 212xyþ 156y2  14xzþ 21yz
 117x 52yþ 21zþ 37 ¼ 0:3. Main results
In this section, we will derive a few results concerning the clas-
siﬁcation of quadratic surfaces, and identifying the normal
forms of six non-degenerate quadratic surfaces (ellipsoid, cone,
cylinder, paraboloid, hyperboloid of one sheet or two sheets)
based solely on the l-basis of the parametrization.
To simplify the notation, from now on we suppose P(s, t) is
a rational parametric quadratic surface given in (1) with a min-
imal l-basis and the following form:






























































t be vectors in R
3 obtained by projecting pu,





































Let A, E be 4 · 4 matrices, B, e be 3 · 3 matrices, C be 1 · 3






B¼ ðbijÞ16i;j63 ¼ p0u r0s









 Tþ rs4 p0u Tþ qu4 r0t Tþ rt4 q0u T ps4 r0u T ru4 p0s T ;
D¼ pu4rs4þqu4rt4 ps4ru4:
We observe that E and e are symmetric matrices, so by the
Principal Axis Theorem, E and e are diagonalizable. Let k1,
k2, k3 be three eigenvalues of the matrix e, and let e= P
TKP









P is formed by the orthonormal eigen-basis v1, v2, v3; and
[c1 c2 c3] = C P
T.
3.1. Case 1: Three non-zero eigenvalues
If k1, k2, k3 „ 0, then

















































































































































We summarize the above discussion in the following
theorem.
Theorem 3.1. Suppose P(s, t) is a rational parametric quadratic
surface given in (1).
172 J.W. Hoffman, H. Wang1. If k1, k2, k3 „ 0 have the same sign.
(1.1) If DP3j¼1 c2jkj–0 has different sign from ki, then the

















(1.2) It is impossible for DP3j¼1 c2jkj–0 to have the same
sign as ki. Because in this case, the surface is a imag-
inary ellipsoid, contrary to our assumption, i.e., our
parametrization (1) gives us a quadric surface in R3.






–0 have the same sign, then the






















–0 have different signs, then the r-

















(2.3) If DP3j¼1 c2jkj ¼ 0, then the rational surface is an ellip-









¼ 0:3.2. Case 2: Exactly one zero eigenvalue

















































































if c3 ¼ 0:
Hence, we can deduce the following theorem.
Theorem 3.2. Suppose P(s, t) is a rational parametric quadratic
surface given in (1).







¼ an elliptic paraboloid; if k1k2 > 0;






















































2. If k1, k2 „ 0, k3 = 0, and c3 = 0.





has a different sign from
ki’s, then the rational surface is an elliptic cylinder a-
















































the same sign as ki’s, since the parametrization is a real
surface.
(3) If k1k2 < 0, then the rational surface is a hyperbolic









































775:3.3. Case 3: Exactly two zero eigenvalues
If only one of the ki’s is non-zero, say k1 „ 0, and k2 = k3 = 0,
then we can check that































Hence, we can deduce the following theorem.
Theorem 3.3. Suppose P(s, t) is a rational parametric quadratic
surface given in (1). If k1 „ 0, and k2 = k3 = 0, then the rational











































775:4. Computational algorithm and example
In this section, we will provide a computational algorithm and
an illustrative example for identifying the normal form of a
parametrized quadratic surface based solely on the parametri-
zation of the quadratic surface.
Computational Algorithm: Identify the type of the quadratic
surface, and provide the standard form of the implicit equation
of a rational parametric quadratic surface.
Input: Rational parametric quadratic surface P(s, t) given
as (1).
Output: An implicit Equation in standard form of a quadric
surface in Steps 5–7 of the procedure.
Procedure:
Step 1. Compute the l-basis of P(s, t), and identifypu; ps ¼ qt; qu; ru; rs; rt; p0u; p0s ¼ q0t; q0u; r0u; r0s; r0t:
Step 2. Compute E, e, C, D.
Step 3. Decompose e= PTKP where K is a diagonal matrix
with three eigenvalues ki on the diagonal lines, and P
consists of an orthonormal basis.
Step 4. Compute CPT = [c1 c2 c3].
































(1) If the ki’s have the same sign, and this sign is different
from the sign of DP3j¼1 c2jkj, then P(s, t) is an ellip-















¼ 1:(2) If one of the ki’s has a different sign from the other
two, but has the same sign as DP3j¼1 c2jkj, then P(s,






















(3) If one of the ki’s has a different sign from the other
two and DP3j¼1 c2jkj, then P(s, t) is a hyperboloid
















(4) If one of the ki’s has a different sign from the other
two, and DP3j¼1 c2jkj ¼ 0, then P(s, t) is an elliptic























¼ an elliptic paraboloid; if k1k2 > 0;






































































64 75 ¼ P k20



















¼ 1 an elliptic cylinder if k1k2 > 0;
a hyperbolic cylinder if k1k2 < 0:


Step 7. If k1 „ 0, and k2 = k3 = 0, then rational surface is a











































We will illustrate our algorithm via the following example.
Example 4.1. Suppose the parametrization of the quadratic
surface is given as
Pðs; tÞ ¼ ð3 2tþ 3s st; 1þ 2t s; 3 3tþ 2sþ 2st;3
 tþ 3s 3stÞ:
A minimal l-basis is given by the columns of the matrix
17þ 13s 15þ 13t 5 3s
27 2s 30 2t 3 6s
7 7s 7t 0






































































































116 106 7 58:5
106 156 10:5 26
7 10:5 0 10:5












75; C ¼ ½58:5 26  10:5;
D ¼ 37:
Step 3. Obtain the eigenvalues and the matrix P.
















5:Step 4. Find [c1 c2 c3] = CP
T.









¼ ½53:4486 32:0579  18:0008:

































0:637486 0:770319 0:0148651 0:21912
0:725787 0:593935 0:347095 0:983239
0:258545 0:232057 0:937712 3:97503













According to the Algorithm Step 5. (2), the parametrization
P(s, t) is a hyperboloid of one sheet, and the implicit equation
is
ð0:637486xþ 0:770319yþ 0:0148651z 0:21912Þ2
0:318895
þ ð0:725787x 0:593935y 0:347095z 0:983239Þ
2
2:38576
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